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U.S. Army Cold Regions Research and Engineering Laboratory, Hanover, New Hampshire 03755

(Received 9 October 1998; accepted 5 April 1999

We read with much interest the paper by Lang and Forilet analysis we emphasize in Ref. 2 are just as fundamental.
nash(Ref. 1) but felt we needed to add words of caution There we applied wavelet analysis to nonstationary turbu-
regarding wavelet analysis. We state at the outset, though, liénce data, but our results apply to any random signal in
is not our intent to either blemish or deny the results of Langgeneral. Our main point is that a given signal may contain
and Forinash. We do, however, want to make clear thatcomponents that are orthogonal to the analysiothe)
when applied to well-defined problemsavelets work won- wavelet; consequently, for a wavelet analysis to be viable,
ders When applied, on the other hand, to less well-definedhe analysis wavelet must be carefully matched to the phe-
problems, the wavelet transfordoes not alway$produce  nomenon of interest. That is, you must have sangriori
spectrograms which show the frequency content of soundlea as to what scale elements are present in the signal and
(or other signalsas a function of time in a manner analogouswhich wavelets are best suited for isolating them.
to sheet music.” Moreover, most wavelets are symmetric about the local-

The analysis in Ref. 1 is indeed accurate and to the poinization time(usually denoted af,) and therefore assign the
and produces the desired results in the cases described the@me weight to those elements of the sigioavard in time
because the signals analyzed were artificially created; cons&om t, by an amountr as they do to those elemeriack-
quently, their pitch and frequency content were known ward in time fromt, by an equal amount. In phenomena
priori. In phenomena where intensity and frequency contenguch as turbulence, where energy dissipation and its compan-
are not knowna priori, such as turbulent flows and other ion irreversibility are commonplace, such an assignation is
random signals, the wavelet transform often obscures signifiplausible whenr is small but cannot be a reliable character-
cant information in the signal. As an example, a wavelet thaization of the behavior whenm is large; see Refs. 3, 4.
is a second-difference operator, such as the French-hat wave-One of the limitations Lang and ForinagRef. 1) point
let, can provide no information on thimear trendin a sig-  out with respect to the Wigner distribution f (t, ) }—that
nal. For the unfamiliar reader, the French-hat wavelet is dea spectrogram based oW f(t,w)} will show interference
fined as{—B(3a)+2B(3a—1)—B(3a—2)}/2\L, where artifacts or noise in regions where none should be—is not
a=t/L and B(«) is the standard box function. That is, really a limitation at all. In their analysis it does produce the
B(a)=1 for 0O<a<1, andB(a)=0 otherwise. artifapts i_ngjicated, but in turbu_lent sign.als such artifacts are

The wavelets problem for practitioners studying randomnonlinearities that appear routinely in signals encountered in
turbulence is much like the problem posed by the professofature. The source of the confusion is thdff(t,w)} is de-
in a chemistry class when she gives a beaker of liquid to &oted as thewigner distribution of fthe implication being
group of students and asks them to identify its contents. Théhat frequencies revealed B{f(t,w)} are the frequencies
students conduct a variety of tests which are known to revegirevailing inf. This is true only iff is a stationary (transla-
specific elements or compounds and then report their result§on invariany random function, whereas the time-scale be-
If the liquid contains elements for which there are no knownhavior revealed by the wavelet transform fois, under all
tests, or if the students neglect to conduct a certain test, thgircumstances, at least a limited measure of the time-scale
students cannot identify all the contents. The same problerdehavior prevailing irf. Thus, comparing thetility of the
exists in identifying computer viruses—you can identify only wavelet transform(which is lineay with that of V{f(t,»)}
the knownones. (which is nonlinear is unwarranted. Nonlinear transforma-

In Ref. 2 we demonstrate that wavelet analysis has limitations often destroy even the Gaussian character of random
tions which are not widely appreciated; failure to recognizesignals. Linear transformations do not. The statement in Ref.
these can lead to misinterpretations. Reference 1 correctly that “at eacht, V{f(t,w)} is an instantaneous Fourier
points out the limitations of both the short-time Fourier transform” is true, but it's not the Fourier transform of the
transform and the Gabor transform, as well as the limitationgjivenf.
the uncertainty principleimposes on both the Fourier trans-  The spectrograms produced by Lang and Forir&sf. 1,
form and the wavelet transform. But the limitations on wave-Figs. 1-4 show good frequency and time localization be-
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cause the analysis wavelet they chose could be readily Analogously, wavelet transforms provide a technique for
matched to the familiar pitch and known frequency of thefocusing on information of a given scale size, dayin a
signal. In this sense, the wavelet transform is indeed quiteandom signal of duratiof, whereL<T, and ferreting this
useful. In measuring and characterizing signals encounteregformation from the signal. The information obtained, how-
in nature, though, the analyst must ascertain the unknowsver, depends on the analyzing wavellens used. Farge
pitch and frequency content by implementing a suitable sig{Ref. 9 explains the “wavelet aberration” property in this
nal analysis. way: “wavelet coefficients combine information about both

Recall thatpitch is a rather subjective quantity which, for the signal and the wavelet.” What's being computed with a
a pure tone of constant intensity, becomes higher as the frgvavelet transform is, in fact, an integral of the product of the
quency increases; but for a pure tone of constant frequencytequency content of the signal itself and the frequency con-
it becomes lower as the intensity increases. In a signal whosent of the wavelefcf. Eq. (8) of Ref. 2]. This effect is not
intensity and frequency content are unknown and perhaps atglike that faced by every experimentalist, who must ask
even changing with timgnonstationary, an ideal analysis herself “what effect does the instrument | use have on the
technique would be able to distinguish whether a decrease ighenomenon I'm trying to measure?”
pitch is due to a constant intensity and decreasing frequency Wavelets and wavelet analysis should, however, eventu-
or due to a constant frequency and increasing intensity. lally find their proper place as advanced research tools for
should also be able to indicate whether a constant pitch agignal analysis when we establish which wavelets are best
tually results from compensating changes in both frequencguited for which analyse@daptivewavelet analysis Refer-
and intensity. ence 1 suggests Meyéref. 10 for answers to the question

In mathematical terminology, the above limitations onof which wavelet is appropriate for a particular application.
wavelet analysis result because the wavelet sieicemplete  Likewise, we addreséRefs. 11 and 1Ra specific problem
(Ref. 5. In other words, there is a scale component in theamenable to wavelets, although not like the one considered
signal being analyzed which is orthogonal to each of then Ref. 1.
wavelets in the set. In the analysis of Ref. 2, the peculiar
component is a linear trend, and the French-hat wavelet is
the analysis tool. This result is analogous to a theorem in
Fourier analysis due to LerdlRef. 6 which establishes that '~ © = transform.” Am. J. Phy86, 794—797(1998.
if two fun_Ct'onS differ by at most _E[lu|| function, then the  2g treyiip and E. L. Andreas, “On wavelet analysis of nonstationary
two functions have the same Fourier transform. A null func- turbulence,” Boundary-Layer Meteordb, 271—288(1996.
tion is a function whose integral over the domain of interest?l. Prigogine,From Being to BecomingFreeman, New York, 1980
is zero. The null function intended here is the product of an*G. B. Matthews,The Arrow of Time(UMI Dissertation Services, Ann
analysis wavelet and its peculiar orthogonal scale compo-A™or. Ml, 1978. _ _
nent. Mallat(Ref. 7), though, reports thatompletenesby FMcé}aﬁﬁﬂﬁﬁhﬁé V'\:IO\‘(J;'rir 1@2;'3’3'3 and Boundary Value Problems
itself is not 9n0u9h' Wav?',e'[ (epregentathns mus_t also beM. Lerch, “Su}un point d’e la therie des fonctions generatrices d’Abel,”
stable meaning small modifications in the signal being ana- acta Math.27, 339-351(1903.
lyzed should correspond to small perturbations in the wave-s. Mallat, “Zero-crossings of a wavelet transform,” IEEE Trans. Inf.
let representation. Theory 37, 1019-10331991.

To elaborate further, wavelets have been described a%«. Arnéodo, G. Grasseau, and M. Holschneider, “Wavelet transform

; ; e e i analysis of invariant measures of some dynamical systems\Warelet

mathematlc_al mlcr_OSCOpe(gef' 8. This ITQ’ mc.jeed a V.ery editeyd by J. M. Combes, A. Grossman, )a/md P. Tcgamitcgtgqningers-
useful and illustrative analogy, but keep in mind that simple Verlag, Berlin, 1989 pp. 182—196.
optical lenses suffer frorspherical aberration This focus- 9\ Farge, “wavelet transforms and their applications to turbulence,”
ing error results because simple lenses, unlike the humanannu. Rev. Fluid Mech24, 395-457(1992.
eye, cannot be made with a variable focal length. Variablé® . Meyer, Wavelets: Algorithms and ApplicatioSIAM, Philadelphia,
focal length is what endows the human eye with its un- 1993. _ _ _ o
matched ability to lift hidden images from seemingly mean- E- L- lA”d,fe,aS Ca”d G'TT revin ‘.‘De,\tlre”d'”.g t”'b“'/fncf t.'m(; ihe ‘(’3"'”‘
ingless backgrounds. With a simple lens, on the other hand Y281, 1 Curent Tonce i Norstatonay Mneysedied by .
only the central portion of the lens produces a clear image. singapore, 1996 pp. 35-73.
The effect becomes even more limiting if the lens is used to%. |, Andreas and G. Trévin “Using wavelets to detect trends,” J.
take close-up images, since it must then be very convex.  Atmos. Oceanic Technol4, 554—564(1996.

w. C. Lang and K. Forinash, “Time-frequency analysis with the continu-

Response to “Comment on ‘Time-frequency analysis with the continuous
wavelet transform’” [Am. J. Phys. 67 (10), 934-935 (1999)]

W. Christopher Lang and Kyle Forinash
Division of Natural Sciences, Indiana University Southeast, New Albany, Indiana 47150

(Received 22 March 1999; accepted 5 April 1999

We agree whole-heartedly with Tréwirand Andreas in information in many problemsgsuch as the study of turbu-
Ref. 1 that wavelets, particularly the continuous transform ofence. We never meant to assert or imply otherwise. In par-
Morlet and Grossman which we use, cannot provide desireticular, we certainly agree that our analysis would not shed
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light on the trend, median, or variance of a random signalWavelet sets are in fact typically designed to be complete
But our analysis in Ref. 2 was never intended to identifybases, and continuous wavelet transforms are designed to be
these statistical characteristics of a signal—in fact, our origiinvertible, so that the original signal can always be recovered
nal use of our analysis was to identify small shifts of fre-from the wavelet expansion or transform. Since the original
guency over time in experimental dafaroduced in investi- signal can be recovered from the wavelet transform, there is
gations of lattice breather mode solitpnOur analysis no information “lost” in the transform, at least in theory.
served this purpose welsee Ref. 3 and we were also de- (Here we must mention that the continuous wavelet trans-
lighted that it worked well with other natural signals, such asform in Ref. 2, using the Morlet wavelet, is not invertible.
human singindwhere the ascending harmonics of the phraseHowever, a small perturbation of the wavelet will produce a
“do-re-mi” were clearly visible. This is all we were refer- continuous wavelet transform which is invertible; see Ref. 6
ring to when we asserted that the transform produces speor 7. We used the Morlet wavelet, which is often used in
trograms that show the frequency of sounds or other signalgractice, for simplicity).
as they change over time. Also, in Ref. 1 it is stated that a null function is one whose
We also agree with Trevinand Andreas that the wavelet integral over the domain is 0, and the authors cite the theo-
transform spectrogram shows as much information about theem of Lerch that two functions have the same Fourier trans-
wavelet as it does about the signal, and that the choice dbrm if they differ by a null function. The authors describe
wavelets is important; their metaphor of spherical aberratioproducts of a wavelet with certain components of a signal as
is entirely apt. But we take mild issue with their assertionnull functions, and they invoke this as an explanation for
that good results are possible with our transform only bywhy wavelet analysis does not show certain kinds of infor-
knowing a priori the characteristics of the signal to be ana-mation. But the analogy does not work since a null function
lyzed, and matching the wavelet to the signal. The informais really one which is essentially constantly zero—in fact, a
tion provided by our wavelet transform is similar to the in- continuous null function will be constantly zer@-ere, by
formation provided by an ordinary Fourier transform, andessentially constantly zero we mean a function which differs
therefore we feel justified in saying it has considerable util-from zero only on a set of measure zero, such as a finite or

ity. countable set. Trevmmand Andreas intend that a null func-
We now consider two points in Ref. 1 that we believetion is one whose integral over the domain is zero, but if that
need clarification. is taken to be the definition of a null function, then the theo-

First, while we did not intend to suggest that the Wignerrem of Lerchis no longer true e.g., consider the function
transform is not useful for analyzing some phenoména sinx on the domaifj0, 27].) Thus we believe that null func-
Daubechie$ reports that the Wigner transform is of most tions are not the explanation for why the continuous wavelet
value for analyzing signals of brief duratipnve still believe  transform does not display information such as the trend of a
that it is less satisfactory than the continuous wavelet transsignal.
form for the analysis we performed. As we mentioned in Ref. Wavelet analysis has generated intense interest and activ-
2, the Wigner transform produces artifacts which indicate thety, and it is perhaps inevitable that unreasonable claims
presence of energy at times and frequencies where it is reawould be made about it. It was our hope in writing Ref. 2 to
sonable to conclude no energy should be present. In facprovide an understanding of time-frequency analysis and the
consider a signal that consists of two “notes” of limited use of the continuous wavelet transform in the context of
duration, one at timé; with frequencyw,, and one at time time-frequency analysis that would enable our readers to use
t, with frequencyw,. The Wigner transform will show an this new tool in an appropriate way.

artifact at time (1+t2)/2 and at frequenCyW1+W2)/2 of !G. Treviro and E. L. Andreas, “Comments on ‘Time-frequency analysis
amplitude similar to the two noteseven ift; andt, andw, with the continuous wavelet transforrfAm. J. Phys.66 (9), 794—797
andw, are arbitrarily far apartSee Y. Meyer in Ref. 5 We 2(1998],” Am. J. Phys.67 (10), 934-935(1999. o _
would suggest great caution in interpreting these artifacts as?/- C- Lang and K. Forinash, "“Time-frequency analysis with the continu-
nonlinearities in turbulent signals, as Tréwiand Andreas —ouS Wavelet transform,” Am. J. Phys6 (9), 794-797(1998.

. ’ %K. Forinash and W. C. Lang, “Frequency analysis of discrete breather
do in Ref. 1. We should note, by the way, that we were modes using a continuous wavelet transform,” PhysicaZ3 437-447
motivated to discuss the Wigner transform because we be-(1998.
came aware that some in the physics community were famil-!l. DaubechiesTen Lectures on Wavelet€BMS-NSF Regional Confer-
iar with the use of the Wigner transform for time-frequency ence Series in Applied Mathematics, Vol. @IAM, Philadelphia, 1992

analysis similar to ours, but not with the continuous waveletsY- Meyer, Wavelets: Algorithms and Applicationsanslated and revised
transform by Robert D. Ryan(SIAM, Philadelphia, 1998

S d h f d by the di . .®P. Goupillaud, A. Grossman, and J. Morlet, “Cyclo-octave and related
econd, we are somewhat coniuse y the discussion My ansforms in seismic signal analysis,” Geoexplorata 85—-102(1984/

Ref. 1 concerning certain points of Fourier analysis. In Ref. gs),
1, the authors state that wavelets form an incomplete set'M. HolschneiderWavelets, An Analysis To@Clarendon, Oxford, 1995
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